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Abstract 

^\i ' We give an explicit determinant formula for a class of rational solutions of a g-analogue of the Painleve 

V equation. The entries of the determinant are given by the continuous g-Laguerre polynomials. 
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C/0 ; 1 Introduction 

Since the introduction of the singularity confinement criterion as the discrete analogue of the Painleve test g] , 
f5 ■ a lot of ordinary difference equations have been proposed as discrete Painleve equations p2| , nj. It is known 
'""'] that the discrete Painleve equations possess several properties analogous to the continuous ones such as the 

I ■ coalescence cascade, symmetry as the Backlund transformations and particular solutions. 
^ I Recently, Kajiwara, Noumi and Yamada have proposed a g-analogue of Painleve IV equation [p|, and in- 

^D ■ vestigated the structure of symmetry and special solutions of the g-Piv- It has been shown that the g-Piv 
1^ ' admits two types of special solutions; one is the special function type solutions, which are expressed in terms 
1^ I of the continuous g-Hermite- Weber functions, and another is the rational solutions expressed as the ratio of a 
(^ g-analogue of Okamoto polynomials ||ll| . 

In this paper, we consider the symmetric form of g-Py 

o, 



> 



7 _ J. 1 + «2/2 + O2O3/2/3 + O2O3O0/2/3/0 
/O - OoOi/i— ■ — ■ f f f ^ 

1 + aoJo + aoaiJoh + aoaia2joJih 

7 _ . 1 + 03/3 + 0300/3/0 + asaoaifsfofi 

h - 0102/2-— — ■ -r-? — ; f f f ^ 

Kj ■ 1 + oi/i + ai02/r/2 + 010203/1/2/3 

%> ! J _ ^ 1 + oo/o + oooi/o/i + 000102/0/1/2 

rd . 72 - 0203/3-— — ■ — - — ■ f f f ^ 

1 + 02/2 + 0203/2/3 + 02O3O0/2/3/0 

7 _ J- 1 + "1/1 + aia2./i/2 + 010203/1/2/3 

73 — asaojo— 7 — ; ^-7 — ; f f f ^ 

1 + 03/3 + 03O0/3/0 + 03O0O1/3/0/1 



(1.1) 



with 

00O1O2O3 = g~\ (1.2) 

where ~ stands for the discrete time evolution. Introducing a variable c by 

/o/2 = /l/3-C-l, (1.3) 

we find that c plays a role of the independent variable, 

c^qc. (1.4) 



Originally, the equation (1.1) is derived as a subsystem of the discrete dynamical systems associated with 

In the case of {m, n) — (2, 4), by regarding 



i(i) 



1 ^ ^n-l 



the extended afhne Weyl group symmetry of type A^. 
a translation of VF(A-[ ) as the discrete time evolution ~, we obtain the system (1.1). The variables q and c 
are invariant for the action of VF(^i^ x Ai^') and M^(^3 ), respectively. The inverse time evolution of (1.1) is 
given by 

ao = ao, 04=01, 02 = 02, 03=03, 

fs 020100 + 0100/2 + 00/2/1 + /2/1/0 



fo = 
fl = 

/3 = 



oooi 000302 + 0302/0 + 02/0/3 + /0/3/2 ' 

/o O3Q2O1 +O2O1/3 + O1/3/2 + /3/2/1 

ai02 010003 + 00O3/1 + 03/1/0 + /1/0/3 ' 
/i 000302 + 0302/0 + 02/0/3 + /0/3/2 

0203 020100 + 0100/2 + O0/2/1 + /2/1/0 ' 
/o O1Q0O3 + 0003/1 +O3/1/0 + /1/0/3 

0300 030201 + 0201/3 + 01/3/2 + /3/2/1 



(1.5) 



The reason why we refer to the discrete system (IT) as the symmetric form of q-Py is as follows. By the 



1(1) 



original construction in [^ , it is clear that this equation admits the afHne Weyl group symmetry of type A3 
the Backlund transformation group, which is stated in section |3| precisely. Moreover, the system (1.1) reduces 
to the symmetric form of Painleve V equation in the continuum limit. We set 



1 - ^-'\ 



— p. 2 



fi = -er 



(1.6) 



and define the derivation — - by 

as 

dz z — z 

-— = hm , 

as £-»o £ 

for a function z in at and ipi. Then, we get from (1^) and ( |l.4| ) 

1 



ds 



^Q^iWi - V3) + 



a2 (,50 + OiQipi 



d'y 
ds 



Introducing the variable t and derivation ' as 



we have 



"o = 0, 

<P0 = </50'^2(v?l 



/ 

"l 



7 = A 
= 0, 

V'3) + 

t/j'l = ipnpz{ip2 - V'o) + 
•^2 = <^2¥'o(<^3 - Vl) + 
¥^3 = </'3¥'l(</50 -^2) + 

The normalization conditions (|1.2|) and (|1.3|) reduce to 



dt' 

= 0, 

- a2 



I 

"2 
1 

2 

'1 

2 
'1 

2 
'1 

2 ^ 



"3 

<i50 



0, 

■ aoLp2, 



- ^3 ipi + ai(^3. 



ao (,52 + a2'^o, 



LPs + asLpi. 



and 



Qfo + ai + a2 + 0:3 = 1, 



</5o + </32 = (/^l + <;53 = Vi, 



(1.7) 



(1.8) 



(1.9) 



(1.10) 



(1.11) 
(1.12) 



respectively. This differential system ( 1.10[ )-(1.12) is nothing but the symmetric form of Py pO| |. 

On the other hand, it has been revealed that a family of the rational solutions of Py, which exists on the 
barycenters of Weyl chambers, has a determinant formula whose entries are the Laguerre polynomials M. This 
determinant expression is regarded as a specialization of the universal characters M . The aim of this paper is 
to present an explicit determinant formula for a class of the rational solutions of g-Py. 

This paper is organized as follows. In Section 0, we give the main result of this paper. In Section S, we 
describe the affine Weyl group symmetry and derive a set of bilinear equations for the r- functions of (/-Py. In 
Section HI we construct the rational solutions of q-Py. Proof of our result is given in Section H. Section ra is 
devoted to some remarks. 



2 Main Result 

Definition 2.1 Let pj^ — P^ (yll) '^'^'^ % ^fc (j/k)' k G X, be two sets of polynomials defined by 



E^i"^^- 



fc=0 



{qib\qib\;q)oo 
{~qixX,~qix-^X;q)c 



, pf=0/orfc<0, 



Y^ (b)\fe (-q^a;A,-g4x ^X;q)^ (b) 



(2.1) 



fc=0 



{qib ^X,q'ib ^X;q)r 
with y = I q^~x + q'^ x'^ ) . For m,n G Z>o, we define a family of polynomials Rm{n — Rm{n{y\q) by 






(b) 

(b) 
93 



(&) 

% 

(b) 
12 



y2m-l y2m-2 

„(") Jb) 

I n — ra fn—m-\-l 



Ab) Ab) 

-r'— n— m+4 l —n — ra-\-b 

Jb) Jb) 

P-n-m+2 P-n-m+3 



y-m+2 y-m+1 
y-m+4 y-r?j.+3 



qrn Hm-l 

Jb) Jb) 

Pn-l P" 



Jb) Jb) 

P-n+3 P-n+4 

Jb) Jb) 

P~n+1 P-n+2 



(b) (b) 

1-m-n+3 1-m-n+2 

y — rn — n+5 y— rn — n+4 



y?n— n+1 ^7n—n 

(b) (b) 

P2n-2 P2n~l 



(b) (b) 

P2 P3 

(b) (ft) 

Po Pi 



(2.2) 



For m,n G Z<0; we define Rfn.n through 

7?(ft) _ / 1^m(m+l)/2^(ft) n(6) _ / -, yi(«+l)/2 n(ft) 



(2.3) 



Remark 2.2 The polynomials p^, and qj^ are essentially the continuous q-Laguerre polynomials P^" (yjq), 
which is defined by la] 



(q"+5A,q"+iA;g)c 



yio'), 



^Pr(,|g)A'-^ ^^- ;-- --7 , Priyk) = Ofork<0, y = cosi 

In fact, denoting as 



A^)t 



Lkiy,b\Q) = Priy\l)^ 6-9^"+S 
i as 

Pf\y\q) = {qh-'fL,{y,q-h\q), qf{y\q) = {q-hfL,{y,qh-^\q-^), 



we see that p), and q), are expressed as 



(2.4) 
(2.5) 
(2.6) 



respectively. 



Our main result is stated as follows. 
Theorem 2.3 We set 

Then, for the parameters 

(00,01,02,03) = (^q""5a,a"\g"""5a,g™~"a"^j , 

we have the following rational solutions of q-P\, 

1 + q^^^-~'^af^{x, a) = 9^"(1 + g-^('»^"+i)a^-i) '^"''"(^' a)Sm-i,n-i{q^x, q-'a) ^ 

Sm,n-liq^X,a)Sm-l,n{x,q ^o) 



l + q 



-i(2n-l)a-l/^(^^ O) = g-^"(l + g|(m-n+l)^-l^^-l) ^m.n(g^X,o)^,„_i,„,i(a;,g lo) 



S'm,n-i(<Z2a;,o)S'm_i,„(a;,g ^o) 



-1 -iNS'm-i,n.(a^,9 ^a)Srn,n-iiq^x,qa) 



1 + 0-1/1(2;, o)==g5"(i + 55(™-«)a-ia;-i) 

S'm,n(g2a;,o)S'„i_i^„_i(a;,o) 

l + o/i(x,o)^g^'"(l + g-^("-")ox-i) ^"-^-"^^!''''^"'"^^"''"-^^'^''^"\ 

S'm,n(g2a;, o)S'm_i,„_i(a;, o) 

1 + q-i^^"'+'^af2{x, a) - g-^'"(l + g-^C-n-^+D^^-i) ^»^-i.«-i(^^ a)S^,„{qix, g'^o) ^ 

5'm-i,ri(g2a;,g ia)S'm,n_i(x,o) 

S',„_i,„(g2a;,g io)5„^„_i(x, o) 
1 + g"'-"o- V3(x, o) = g-^"(l + g^^'"""^a~^a;-i) ^"-"-i^^' «)^rn-i.n(g^^, a) ^ 

Sm-l,n^liq^X,a)Sm,n{x,a) 

1 + ^-'"+"0/3(2;, O) = g-5"(l + q-iim-n)^^-l^ S^,n-liq^X,^a)Sm^l,n{x,a) ^ 

Sm-l,n-l{q^X,a)Sra,n{x,a) 



(2.7) 
(2.8) 



(2.9) 



with X 



3 Weyl Group Symmetry and Bilinear Relations 

As we mentioned in Section ^, the symmetric form of q-Py ( |1 ■ iD admits the symmetry of the extended affine 
Weyl group W —< so, Si, 82,83, n > of type A3 as a group of Backlund transformations. The action of Si and 
TT on the variables at and ft is given by 






fli/j 



(3.1) 
(3.2) 



(1) 



where A — {aij)f ^^q is the generalized Cartan matrix of type Ag and U — iuij)f j^q is an orientation matrix 
of the corresponding Dynkin diagram 

f 2 -1 -1 \ 
-12-10 
0-12-1 

\ -1 -1 2 y 



A 



, u 



/ 1 -1 \ 

-10 10 

0-101 

\ 1 -1 y 



(3.3) 



and indecies are understood as elements of 'L/'i'L. These transformations commute with the time evolution and 
satisfy the fundamental relations 



sj = 1, SiSj = SjSi (j 7^ I, i ± 1), S^S■jS^ = S■jS^S■j {j = i ± 1), 

4 1 
IT — L, TTSj — Sj + lVr. 

Let us introduce r- functions Ti as solutions of the following equations |^ , 



(3.4) 



(3.5) 



n+i 

where gi is given by 

3i = 1 + aj+l/i+l + O-i+iai+2 fi+l fi+2 + <li+lO'i+20'i+?,fi+lfi+2fi+?,- (3-6) 

The inverse transformations are given as, 

n = hi r ' , (3.7) 

— Ti-l 

with 

, , , Ji — l , Ji—lJi — 2 Ji—lji — 2ji~3 /« o\ 

/li = 1 H \ 1 . (3.8) 

0-i-l Cli-lCii-2 0'i-lO,i~20'i-3 

The Backlund transformations can be lifted on the r- functions as follows: 

Siiji) = IH , Si[Ti) = (1 + aifi) , 

V a»; / n Ti 



S^ {tj )=Tj, S, {Tj ) = Tj , {i^j), 
ATj) = Tj+l, TT{fj) = fj + l. 



(3.9) 



The fundamental relations (3.4) are preserved in this lifting. Note that we have the multiplicative formulas 



^^f^^fMr^l^ 1 + aJ, = ^iflM, (3.10) 

a-i Ti-lTi+l Ti-lTi+l 



for the independent variables fi in terms of t- functions. 
Proposition 3.1 We have the following bilinear equations: 



Tososi(fi) = ao*o(To)si(Ti) + (1 - ag)T2f3, 
risiso(ro) = a'^'^so{To)si{fi) + (1 - aj;^)T2f3, 

TlSiS2{f2) = a\si{Ti)S2{f2) + (1 - a?)T3fo, 
f2S2Sl{Tl) = a^^Sl(ri)s2(T2) + (1 - a2"^)T3fo, 

r2S2S3(T=3) = ais2(T2) 53(^3) + (1 - al)T3fi, 
T3S3S2(r2) = a;^^S2(T2)s3(T3) + (1 - a3'^)TQfi, 
nsssoifo) = a^S3(T3)so(fo) + (1 - a^)Tif2, 

ToSoS3{t3) = a^^S3{T3)so{fo) + (1 - Oq ^)Tif2. 



(3.11) 



Proof. Eliminating /o from (|3.9D with j = 0, we obtain 



2'roSo(T-o) _ /, 2n "^sn 



1-ao -— = (l-ao) — -. (3.12) 

Toso(ro) toSo(to) 



From (3.2) and (|3.9|), we get 



riSoSi(ri) 



= 1 



2 / TlSlJTl) \ ToSo(to) 

On z ^ 



So{to)t2 V ^0T2 /ToSo(fo)' 

which leads to the first equation of ( [3.11 ) by using (3.12). The other equations are derived by the similar 
Let us define the translation operators Ti [i = 0, 1, 2, 3) by 

Ti=7rs3S2Si, T2 = Si7rs3S2, Ta = S2Si7rs3, Tq = S3S2Si7r, 

which commute with each other and satisfy T1T2T3T0 = 1. These operators act on parameters a^ as 

Ti(ai-i) = q^^ai-i, Ti{a.i) = ga^, Ti(aj) = aj {j ^ i - 1,?). 



In terms of Tj, t- functions in (3.11) are expressed as 

Ti = Ti{to), T2 = riT2(To), T3 = r(7^(ro), 

so(to) = To"^ri(To), si(ti) = r2(T-o), S2(r2) = rir3(ro), 

53(7-3) = T^^{tq), soSi(ti) = Tir2r(7^(To), siSo(to) = r2r(7\ro), 

SiS2(t2) = 7273(7-0), S2Si(ti) = T3(ro), S2S3(t3) = r2~^(7-o), 

5352(7-2) = riTo(To), S3So(to) = Tir3"^(To), 5053(7-3) = TiT^'^T^'^ {Tfi) 
Introducing a notation, 



7-!,' 



T^T3™ro"(To), 



7-;,' 



T^T3'"ro"(fo), Z,m,neZ, 



we can express the bilinear relations (3.11) as 



2 2n - I /I 2 2n\ 

7-;,m,n7-/^m-l,n-2 — ^o? 7-/_i,m_i,„_27-/+l,m,n + U ^ flo? )'''l,m-l,n~lTl,m,n-l, 



-2 '21 



-2„2/\ 



Tl-l,m-l,n-lTl + l.m,n-l ~ ^i ~'?~"7'/_i^m_i^„_27-;+l,m,n + (1 ^ ^1 ~9~" j7-/_m_i^„_iT;^m,n-l , 

_ 2 —2/ - I /I 2 — 2;\ 

7';--l,m-l,n-l7'; + l,m+l,n — Ol? 7'; + i_„i^„r/_i_,„^„_i + (i — flj^g )TLm,n-lTl,m,n, 

Tl^m~l,n~lTl,m + l,n = 0-2 Q ™'7-/+i^,„_„f;_i^„j_„_i + (1 — Cj ? ^ "^')Tl^m,n-lTLm,,r. 



- 2 2(1 — jn) - 



7-;,' 



-l7-;-l,m-l, 



„-2„2(-m+n)^ - 



tl— fljg^ J7-/^m^„r/_i^m_l^„_l, 

1 ^1 ^^2 2( — m+n)N^ - 

+ (i ~ a^ 9 J7^!,m,n7-i_i^m_l^„_l, 



7-;,m,n-l7-;-l,m-2,n-l — 0-3^ "' Ti^rn-l,nTl-l,m-l,n-2 + (1 



(3.13) 
way. I 

(3.14) 
(3.15) 



(3.16) 



(3.17) 



(3.18) 



„2 2(m-n)\^ - 

(^3l )Tl-1.7n-l.n-lTl,m-l,n-l, 



7-;,' 



i7-/-l,m-2,n-2 



ao^q-'^'n, 



'l,n7-;_l,m-l,n-2 + (1 — flo 1 ")'''l-l,rn-l,n-lTl^m-l,n-l- 



4 Construction of Rational Solutions 

In this section, we construct a family of rational solutions of q-Py. Similarly to the continuous case, we consider 
the fixed points of Dynkin diagram automorphism tt^ to get the seed solution. It is clear that the symmetric 
form of q-Py ( pTll ) has a particular solution. 



{ao,ai,a2,a3) ^ i^q ^a,a ^,q ^^a,a ^j , {fo, fi, f2, fs) ^ {x \ a; \ a; \x ^), 



(4.1) 



Applying Backlund transformations to the seed soluti on ([l.l| ), we obtain a family of rational solutions of q-Py. 
Calculating Ti,m,n and fi^rn,n from (3. 2). (3. 9) and (3.14), and putting as (4.1) and 



(4.2) 



we obtain the r- functions for the rational solutions of q-Py. For small l,m,n, we observe that Ti_rn,n and r;^, 
are factorized as the form of 



Tl:~ 



= CkUi, 



n,' 



= CkUi 



k ^ m — ' 



I. 



(4.3) 



It is possible to guess that Ui^m.n = Ui^m.n{x, a) are some polynomials in a; ^, a*^ and g^2 ^ and that the factors 
Cfc and Cfc are determined by the recurrence relations 



Cfc+iCfc-i = (l + g^a ^x ^jCkCk, Ck+iCk-i ^ (l + q ^ax 
with the initial conditions 

Co = Ci = 1, Co = Ci = 1. 

Some examples of them are listed in Appendix H. 
Notice that we have 



-) 



CkCk, 



T2To(ao, ai, a2, as) == (g ^a.a ,q '^a,a j, a — q a, I £ Z, 



(4.4) 
(4.5) 

(4.6) 



under the specialization of (11). Comparing (4^) with (O), we see that the effect of T2 is absorbed by that 
of Tg~^ and rescaling of the parameter a. Then, we do not need to consider the translation T2 for constructing 
the family of rational solutions of q-Py, and it is possible to put 



Ul,m,nix,a) = Uo^rn.n-lix,q^a). 



(4.7) 



have 



Now, by ( [4.l| ),(p~^) and (4.7), we can rewrite the bilinear relations ( |3.18| ) in terms of Um,n = Uo,m,n- We 



(4.8) 



Um,nUm-l^n-2 — a q " /^m-nC^„i_i,„_iC^„i.„_l + (1 — a q " )Um~l,n-lUm,n-l , 
^ m-l,n^ m,n-2 ^ '^ A*™-»i'^m-l,n-l '^m.ri-l + (1 ~ & )U m-l,n-l'J m,n-l, 
^m-l,n^m+l,n-l ^ '^ ^rn-n'-' m,n-l'-^ m,n + (1^1 )U m,n-l'~' m,m 
Um-l,n-lUm+l,n = O. (jf '" ^rn—nU m,n-l^m,n + (1 ^ « g " )Um,n-lUm,n, 
t^m-l,n-lC^m_„+l = a q "' l^m-nU„ijiU,yi-l^n + (1 — O q ™ jUm.nU ,-^_-^.,-^, 

U,n,n-lU--,,,+ , = a\-'^"'-''^fim-nU-,:nU,n-l,n + (1 - a'?"''™""' )C/rn,„f/,;:i,„, 

rr 77" — 2 2(m — ri) rr 7~r \(1 ,i^2 2(?ri — ri)\7-7- 77- 

'-^rn,n—l'^„i — 2,n — " "^m— ri'-^m— l.n'-^rn— l.ri— 1 ' V-"- u q jL/^_]^ „u.m — l,ra — 1 j 

^ m,n'J rn~2,n-l ~ ^ 9 ^m-n'-'m — l.riL'm — l,n — 1 + (t — fl (7 JL/j^_-^ ,^ (7m — l.n — 1 j 

with the initial conditions 

[/_!,_! = C/_i,o = C/0,-1 - C/0,0 - 1, (4.9) 

where we denote as 

^fe = (1 + 93('=+i)a-ia;-i)(l + q^a-^x"^), J/fe = (1 + g"3(fe-i)aa;-i)(l + g-laa;-i), (4.10) 

and 

U^% = Um,nix,<l^'a). (4.11) 

Conversely, by solving the bilinear relations ( |4.8D with ( |4.9| ) , we can construct the family of rational solutions 
of g-Py- Applying T^Tq to ( 3.10 ) and denoting as T^T^{fi) — fi{x,a), we have the following Proposition. 



Proposition 4.1 Let Um,n — Um.n(x.,a) (171,11 G Z) be polynomials in x ^,a and q 2 which satisfy the 
bilinear equations (4-8) with the initial conditions (i-i). Then, fi{x,a) given by 



1 + g^(2"-i)a/o(x, a) = (1 + g-^(m-n+i)^^-i) U^A^, a)[/^_i,„_i(g^x, q 'a) ^ 

Um,n-i{q'^x,a)Um~i,n{x,q ^a) 

1 + g-^(2"-l)a- l/o(x, a) = (1 + qU^-n+l)^~l^-l frnA<i^^,^^)U^-l.n-l{x,q-^a) ^ 

Um,n-i{q'^x,a)Um~i,nix,q ^ a) 
1 + a-'Mx, a) = (1 + q^Arn-n),-i^-if^n-iA^,^q-'a)Urn.n-^iq^x,qa)^ 

1 + aMx, «) = (! + g-^(-")ax-^) ^'"-^■"^'^: ^' g"'«)^-."-i(^- g^) , 

Um.nil^^i a)Um~l.n-l{x, a) 

Um-l,n{Q^X,q ^a)Um,n-lix,a) 

1 + gi(2'"+i)a-i/2(a;, a) = (1 + g^(rn-n+i)^-i^-i) t/„.-i,n-i(g^x, a)L/„^„(x, g-^a) ^ 

C/m-i,n(g2a;,g ia)C/™_„_i(a;,a) 



l + g™-"a-V; 



,(x,a) = (1 + g^(.n-n),-l^-l) ^'"^"-iC^^ «y..-l..(g^^, g) 



U,n-l^n-liq^X, a)Um,ni^, «) 



1 + g-"+"a/3(x, a) = (1 + g-^("-")aa;-^) ^'"■"-i(g^^; a)[/^-i.„(x, a) ^ 

Um-l,n^l{q^X, a)Um.n{^, o) 

live the q-Pv fjl-A ) for the parameters 

(00,01,02,03) = (^g""5a^a-\g-™-5a,g'"-"a"^j . 



5 Proof of Theorem |2.3 



In this section, we give the proof for Theorem 2.3 
Proposition 5.1 We have 

where Sm,n — Sm,n{^' ^) *'^ defined in Theorem \2.l\ and k„ is the factor determined by 

Kn+iiin-i = g"^(^"+^^a;"^(l - g^"+^)K„K„, kq = k_i = 1. 
We notice that k„ for n > is expressed as 

n k 

k=l]=l 



(4.12) 



(4.13) 



(5.1) 
(5.2) 

(5.3) 



By substituting (5J_) into ( 4.12 ), we find that Theorem 2^ is a direct consequence of Proposition 4T and 



5.1 . Taking (5T) and (2/7) into account, we obtain the bihnear relations for R 



(b) 



(5.4) 



Proposition 5.2 The following bilinear relations hold: 

— Uq fl ^m_i_n-n,^ „ -I- X l^i O g j-ft„i_i_„Jlm,n, 

i(-2m+2ri-l) /-, _ 2rn+lNn n- 

_ -i(2m+6n+3) /I _ 2n+lNn n- 

= q l^^m,n^m-lji '^ ^ (^ ^ q )Rrn,n-rim-l,7n 

= 62(7-™+>i?„:„i?+_i_„ + x2(l - 62g-"+")i?„,„i?-_i_„, 

-i(2m+2n+l) /, _ 2m+lNn— n- 

(/ Xl^i (/ ^-fi-m+l.ri-l-^-m-l.ri 

_ L — 2 m— n+2 - p n i T^n _ ^^2 m-n+2\ p p— 

— uq u JX„i^n-[i'„i,n-l '^ ■'^ K'^ " H )^m,n^m,n-l^ 

-i(6m+2n+3) /I _ 2m+lN n- n 

g Xl_i g J-n-m+l,n^m-l,n-l 

with 

li={x + h~^){x + q^h~^), iy={x + b){x + q~H), (5.5) 

where we denote as 

i i 

X^---^=X^---^[h)^X(q^ih). (5.6) 



From the above discussion, now the proof of Theorem |2.3| is reduced to that of Proposition p 



It is possible to reduce the number of bihnear relations to be proved in ( p.4| ) by the following symmetry of 

R^J^]n{y\q). 

Lemma 5.3 We have the relations for m,n E Z>o 

Rtnl\y\q-') = rI^UvIq), .5 7^ 

JD{b ^) _ (_'[\m(m+l)/2+n(n+l)/2r/ib) ^ ' ' 

Proof. From (p]^), it is easy to see that 

q^k\y\<i)^pV\y\i-')^ (5-8) 

which leads to the first relation of Lemma |5.3| . To verify the second relation, we introduce polynomials qj^ = 
Qk\y\<l) by 

±^^^- ^''fr'^\'^^';'^- . ,f)=Oforfc<0. (5.9) 

^ {qixX,qix U;g)oo 



Comparing the generating functions, we see that each qk is a hnear combination of qj, j — k,k ~ 2,k — 4,- 
Therefore we can express Rm,n for m,n (£ Z>o in terms of pk and q^ as 









.t^ 
gf^ 



92m- 1 l2m~2 

Ab) Jb) 



-^^— n— m+4 -f^ — n — 7n+5 
-F-n-m+2 -P-n-m+3 



~(b) ~(b) 

y-m+2 y-r?x+l 

y-m+4 y-T?x+3 






Jb) 
Pn 



Jb) Jb) 

P-n+Z P-n+A 

Jb) Jb) 

P-n+1 P-n+2 



~{b) ~(b) 

l-rn-n+S 9-m-n+2 
gib) gib) 



gib) gib) 

y?7i — n+1 Hra—n 

Jb) Jb) 

P2n-2 P2n-l 



ib) 
P2 
(b) 

Po 



ib) 
P3 

ib) 
Pi 



(5.10) 



Noticing that qk and pk are related as 



ql^\y\q) = {-iM''\y\Q), 



(5.11) 



we obtain the second relation of Lemma 



From the symmetries of Rm\n{y\q) described by (2.3) and Lemma 5.3, it is sufficient to prove the first two 



relations in (5.4) for m,n€ Z>o, which are equivalent to 



„3(2m-2n-l) p+ 6 , „i (2m+2n+l) 6 p+ _ ^ p+ R 



(5.12) 



A(2m — 6n — 3)^(-\ „2n+l\p p+ ^2 m— n + jj— P++ _l^2/'-| ^2 m — ti-i p+ r? 



q^'-" "■' "'X[L~q~---)Km-l,n+l^;a.n~l^'}''<l"~ " ^J■ ' ^m-l.n^m'.n + X~ [^ ' ^"Q"' 'l^m-l.n^m,n, (5.13) 

In the following, we show that these bilinear relations are reduced to Jacobi's identity of determinants. Let 



D be an (to + n + 1 ) x (to, + n + I) determinant and D 



the minor which are obtained by 



n «2 • • • «fc 
ii j2 • • • jfc 

deleting the rows with indices zi, • • • , z^ and the columns with indices Ji, • • • , Jfe. Then we have Jacobi's identity 



DD 



m m + 1 
1 m + n + 1 



= D 



TO, 
1 



D 



771+1 

TO + n + 1 



-D 



771+1 
1 



D 



TO 

777, + 77, + 1 



(5.14) 



M 



We first choose proper determinants as D [D itself should be expressed in terms of i?m n). Secondly, we construct 



such formulas that express the minor determinants by Rr, 
for Rin.n which are nothing but ( ^.12 ) and (5.13). 
We have the following lemmas. 



Then, Jacobi's identity yields bilinear equations 



Lemma 5.4 We put 



D 



q 2 q^x q{ 
q 2 qix ^qj 

q-''-2^qix-^q+„^_^ 

1 Pn-m+l 



1 P-n-m+3 
P—n—m+1 



qs 



q2m-l 
Pn-m+2 

P—n — m+A 
P-n-m+2 



Q—7n — n-\-3 Q—rn — n-\-2 

Q—rn—n-\-b 9— ?n— n+4 

Qm — n-\-l Qrn—n 

P2n P2n+1 



P2 

Po 



P3 
Pi 



(5.15) 
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Then, we have 

n — /,3™^-3"("+5)7,-™fi>+ n 



m 
1 



— Rm- 



m— l,n+l ) 



D 



m + 1 
1 



— -Rj) 



D 


m 

m + n + 1 


D 


m + 1 

m + n+ 1 



i(m-l)2-i(n-l)(n+4)-l -m+ln+ 
im"-i(n-2)(n+3)-l -mn+ r) 



m m + 1 
1 m + n + 1 



^7n—l.n- 



(5.16) 



Lemma 5.5 Define P- 



-m — n+j] 



j,k 



and Q 



[— rn — n+j] 



l,k 

■m-\-n—j 



by 



p[-m-n+3] ^ T-r ^^_ i _ ± _^^^ i („+„_j) (fe_ i (™+„_j)+ i )^[-m-n+j] ^ 



where we denote 



Then, putting 



where 



D 



i=l 



^[-m-n+j] _ i(m+„_j)fe J-m-ri+j] 

i3,k ~ y y/c ' 



^0,1 



— ni—n 



0,3 



pi 



-m — n 

2m- 1 

— m — n 



P' 



0,2 



XU] ^ X^^\x,b) ^ X{q^x,q^b). 



]++ 
]++ 




]++ 

L 

]++ 




]++ 
]++ 





— m — n+l] 

4 

— ?n— n+l] 
3 



-m — n+l] 
2m-l 
— m — n+l] 
2n+l 



-m — n+l] 



m — n+l] 



5[— m-n]++ 
0,2fc 



P 



n^a 



— m — nJH — h 
0,2fe 



^2*;+l 



^ m+n — 1, — m— n+3 ^m4-^-— ?ti— n+2 
^m+n— 1,— 7n — n+5 ^n+n,— 7n — n+4 



^m+n— l,m — n+l 

p[-i] 

-^m+n-l,2n+l 



^m+n.rn- n 



P 



[0] 



p 



p 



m+n— 1,3 

' 1] 



m+n,2n+l 



m+n, 3 
p[0] 
ni+n,l 



i0.2*;-l 



Q[— m-n]++ 
0.2*:-l 



„m+n+l-2kn _ „-rn-n+2ku2\ ' 



(5.17) 



(5.18) 



(5.19) 



(5.20) 
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we have 



D=i-1) 



n+1 



7n-\-n 



[—m-n+j] 



-Rl 



D 



D 



D 



D 



m 
1 






— 'm — n-^2ii/2 



b') 



— i?m-l,ri+l, £* 



fc=0 
771+1 

1 



TO 

m + n + 1 



?7l + 1 

m + n + 1 



= {-ir+'x 



n+l^n+l 



?n+n— 1 



^--_m +_„ +_m__„- ^ 



= (-l)"a;"- 



i=l 
m+n — 1 

n A^ 






fc=0 



4 "t ^ 4 't 4 ' 



(g-3 6-2^)"+"-l [](1 - ^2fc+l) ■Q^m+«+l-2^(^ 



— m,n-l' 



g 



— 771 — n+2'i 72 



5^) 



m m + 1 
1 m + n + 1 



= n 4'" ^4" ^4' 



= q 



k=0 



(5.21) 



It is easy to see that the bilinear relations (5.12) and (5.13) follow immediately from Jacobi's identity (5.14) by 



using Lemma 5.4 and 5.5, respectively. We give the proof of Lemma 5.4 and 5.5 in Appendix O. This completes 



the proof of our main result Theorem 2.3 



6 Remarks 



The g-Py (IJ.) admits the ultra-discrete limit |lj]. The limiting procedure is the same as the case of g-Piv 1^1 
and preserves the symmetry of the extended afhne Weyl group of type Ag . Moreover, it is observed that 
Um,n — Um.n jx, o) are polynomials in x~^,a^^ and g^2 with positive coefficients. Then, the rational solutions 
of g-Py (IT) in Theorem |]^ are thought to survive after taking the ultra-discrete limit. 

It is known that the special polynomials associated with the rational solutions of Painleve equations pos- 
sess the mysterious combinatorial properties ||l^, g, |l5[. It is interesting problem to investigate whether the 
polynomials Um,n admit such properties. 

In M, it has been shown that the g-Piv coincides with Sakai's Mul.6 system flJ. As mentioned in Section 



iW 



i(i)^ 



|l|, the g-Py (1-1) has M^(ylj^ x A^ ) symmetry by the original construction. On the other hand, Sakai's Mul.5 
system [[L3|, which should be also regarded as a g-analogue of Painleve V equation, admits the symmetry of 



14^(^4 '). It might be an important problem to study the relationship between the equation (1.1) and Sakai's 
Mul.5 system. 

Acknowledgment The author would like to thank Prof. M. Noumi, Prof. Y. Yamada and Prof. K. Kajiwara 
for fruitful discussions. 
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A Table of c^, Ck and [/„ 

The polynomials Um,n{x,a). 



Uofi 
Ui.o 
C/2.0 



1 + q-^x ^ + a -^172(1 + ^2)2; 1^ 

1 + q^x-^ +a-\l + q^){l + q + g^)(.x"^ + qx^^) 

+q"5(l + <? + g^) l + a-'^q^l + q^f {x^'^+qix-^) 

+a"^g^(l + q^) [2(1 + q^ + q) + a-^q^{l + q^f 



Uas = l + aq^l + qi)x^^ +q^x^'^, 

t/0.2 = l + q^x-^ + a{l + qi){l + q + q'^){x-^ +qx-^) 

+q^^l + q + q'^) 1 + a'^qi {1 + q^f {x^'^ + q^x~^) 



+ag2(l + g,3) 2{l + q'^ +q) + a'^q'^{l + q^f 



„-3 



U1.2 



U: 



2,1 



1 + qx ^ + {l + q^){a + a'^){x ^+q^x ^) + q ^1 + q){l + q^ + q)x "^ , 

l + q^x-^ + a-^q-^{l + q^) [l + a^{l + q + q^)] {xr^ + g^x"^) 

+q-i a?qi{l + q^f{l + q + q^) + {l + q^+q + q^){l + q + qi+q^) {x^"^ + qx^*^) 

+a-^q-^(l + qi) a^q^{l + q^f + a^{l + q + q^){2 + 3g5 + 2q) + {1 + q^ + q) (a;"^ + q^ x-^) 
+q-^{l + q^ +q + qi +q^) a^q^{l + q^){l + q){l + q^ + 2{l + q + q^) x^^, 
1 + q^x-^ + a-^q-^{l + q^)[a^ + [l + q + q^)] {x^^ + q^x^'^) 

a^{l + q^ +q + q'^){l + q + q^ + q'^) + q^l + q^f{l + q + q'^) (x^'^ + qx^^) 



-2 —a 

-a q 2 



+a ■^q '(l + q2) a^{l + q2 +q) + a^{l + q + q-')(2 + 3q^ +2q) + q-'{l + q^y {x "^ + q^ x ^) 
+a-'^q-^{l + qi +q + qi +q^) 2a^{l + q + q^) + q^ [l + q^){l + q){l + qi) 



The factor Ck and c/j. 



q^a "X ")'^{l + qa ^x ^)(l + g2a ^x ^){1 + q 2 ax ^){1 + q ^ax ^), 



Co = 1, ci = 1, 
C2 = 1 + q'^a^^x^^ 

C3 = (1 + q2a^^x^^){l + qa^^x^^)(l + q^^ax^^), 
C4 = (1 + q^a^^x^^)^ 
C5 = (1 + g^a"ix"i)2(l + ga"^x"i)2(l + (7ia"ia:;"i)(l + q'^a^^x^'^) 
x(l + g^2aa:;^^)^(l + q^^ax^^){l + q^^ax^^), 

Co = 1, ci = 1, 
C2 = 1 + q^^ax^^, 

C3 = (1 + q^2ax^^)(l + q^^ax^^)(l + q^a^^x^^), 

C4 = (1 + q^^ax^^)'^(l + q^'^ax^'^){l + q^iax^^){l + qia^^x^^){l + qa^^x^^), 
C5 = (1 + q^^ax^''-)^{l + g"ia.T"i)2(l + q^iax^''-){l + q^^ax^'^) 
x{l + q^a^^x^^f{l + qa-^x-^){l + qia-^x-^). 
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B Proof of Lemma 15. 4j and 15.5 



Wc first note that the following contiguity relations hold, 



Pt 



q^Pk 



-q^xp^-i, 9fc 



'■qk 



-q ^x ql_-^_, 



Pk-q'^Pi^ =-q*x Pk-1, qk-q ^g^, = -q ^xqk-i, 



(B.l) 
(B.2) 



and 



(B.3) 



{1 — q''^^)pk+i ~ q^^*bx{b— b ^)pt^ — q^b^x ^ fip'^^ , 

(1 - q''+^b^)qk+i = qi^'^+^^bib-^ -"%fc+l + '?''+'fe'^~ 'w^^, 

whieh are easily derived from (|2.l| ). 

Let us prove Lemma |5.4 Noticing that pi — 1 and p^ = for A; < 0, we see that Rm^n can be rewritten as 



^m.n — 



91 


90 


93 


92 


q2m~l 


92,Tl- 


Pn—m 


Pri—m 



P—n — m-\-4 P—n—m-\-5 

P-n-m+2 P-n-m+3 

P—n — rn P—7i — m-\-l 



Q—m — n-\-3 Q—7n—n-\-2 Q—m — n-i-1 
Q—m — n+5 Q— m — n+4 Q—m—'n-\-3 



q-m-n+l 


qm—n 


9 


n—n—1 


P2n-2 


P2n-1 




P2n 


P2 


P3 




Pi 


Pa 


Pi 




P2 


P~2 


P-1 




Po 



(B.4) 



Adding the (j — l)-st column multiplied by q* a; to the j-th column of i?+ „ for j = m + n,m + n— 1,- 
using (B.l), we get 



• 2 and 



r: 



^-im^ + i(n-l)(n+4)^7. 



2 qix q{ 
2 qix qj 



= q^X "92m-l 

-«+i + 

y r'n—ni 



9 P—n — rn+i 



P-n-m+2 



91 
93 



92m- 1 
Pn — r?? + l 

P—n—m+b 
P—n—m+Z 



q—m — n+A: q—m — n+3 
q—rn—n-\-Q 9— m — n+5 



9rM — n+2 qm — n-\-l 

P2n~2 P2n-1 



P2 

Po 



P3 
Pi 



(B.5) 



From (B.4) and (B.5), we obtain Lemma 



5.4 



We next prove Lemma 5.5. Adding the (i + l)-st column multiplied hy q^ (™+" J)x to the i-th column of 
Rm,n for i = 1,2,- ■ ■ ,j, j — m + n— l,m + n — 2,- ■ ■ ,1 and using (|B.2| ), we get 



i?„ 



Q[-m— n+l] 
1,1 

Q[— m-n+1] 
1,3 



Q[— m-ri+2] 
2,0 

Q[— m— ri+2] 
2,2 



Q[— m— n+1] ^[— m-n+2] 

l,2m-l ^2,2m-2 

p[-m— n+1] p[-m-n+2] 

-* l,2n-l -'2,2n-l 



-?n— n+1] p[— rri— n+2] 

3 ^2,3 

p[— m— n+1] p[-m— n+2] 

1,1 2,1 



A': 



^rn+'M— 1^ — '^'^i — ^+3 ^rn+n, — 7n — n+2 



lim+n— l,-m-n+5 


^n+n, — m — n+4 


^m+ri-l.?ri-n+l 
p[-l] ■ 
^m+n-l,2n-l 


^ni+n,7n — n 

p[0] 

^m+n,2n-l 


p[-li 

^ Tn+n-1,3 

p[-l] 

-^m+n-1,1 


p[0] 

-" m+n,3 

p[0] 

-^m+n,l 



(B.6) 
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Noticing that pi = 1 and p^ — for k < 0, we see that Rm.n can be rewritten as 



^m. . n. 



^[ — va—n 
'^0,3 



0,2m- 1 



J n 



j-j[— rn— n 
-* 0,2 

p[— rn — n 
MD,0 






p. 



-rn— n+1] 



-m— n+1] 



m — n+l] 
l,2m-2 

-m — n+1] 
2n 



— m— n+1] 

— ?7i — n+1] 
1,0 



^m+n— 1,— m— 
^ m+n — 1 . — m — n 



n+2 ^m+n,-m-n+l 
+4 ^n+n,-m-n+3 



^m+n— l,m — n ^m-\-n,m — n~l 



p[-i] 

m+n— l,2n 



p 



m+n,2n 



p. 



-1] 



ni+n — 1,2 



p. 



[0] 



■7n+n,2 



PL 



Then, adding the j-th column multiphed 



m+n— 1,0 



P 



[0] 



m+n,0 



(B.7) 



j = ?7i + n, 777, + n — 1. • • • , 1 and using (B.3), we obtain 



M'- 



^+i] 



to [j + l)-st column of P+^ for 



i?^ 



(-1) 



n+1 fc^O ^^1 



ni+n+l — 2i 



(1-9 



— 'm,— n+2i l2 



h') 



"^0,1 
^^0,3 



^[— m — n 



Pr 



— m— n 



Pr 



0,2 



0,0 



++ 



QU 
Q 



— 771 — n+1] 
1,3 



Pi 



1+1] 



rn— n+1] 
l,2m-l 

— ?n— n+1] 
.2n+l 



-ni- n+1] 

3 

-ni- n+1] 



where we use the relations 



m+n 



■Q ^[-m-n+j] 



^ 77i+n — 1 . — 771 — n+3 ^ m+77 , — ni- 7i+2 
^771+77- 1,-771- n+5 ^n+n, — 7n — n+4 



'v7n+7i— 1.7n— n+1 

p[-i] 

^m+n-l,2n+l 



pl-J^J 

7n+n — 1,3 
p[-l] 
^m+n-1,1 



^77i+n,m— n 



P 



[0] 



7n+7l, 277+1 



p[0] 

m+n, 3 
p[0] 
?n+n,l 



p[-m-n+j+l]- _ fc + i + i(m+„_j) ip[-m-n+j] 

[-m-n+j + l]- ^ |^[-m-n+j] 



a-,. 



= ?' 



"Jj^fc 



Lemma L5 follows from (B^),(B/7) and ( |B.9| ) 



(B. 



(B.9) 



(B.IO) 
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